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In a normed space X, we consider objective functions which depend on the
distances between a variable point and the points of certain finite sets A. A point
where such a function attains its minimum on X is generically called an optimal
location. In this paper we obtain characterizations of inner product spaces with
properties connecting optimal locations and the convex hull of A or barycenters of
points of A with well chosen weights. We thus generalize several classical results
about characterization of inner product spaces. Q 1997 Academic Press
1. INTRODUCTION
The aim of a location problem is to place one or more new facilities on a
territory in order to minimize the cost of servicing customers. A classical
 4 framework is the following: a set A s a , . . . , a with n points the1 n
.  5 5.customers is given in a normed space X, ? , the new facility is located
5 5at x g X, and the cost may be a weighted sum of the distances x y a ,i
 .with positive weights w ,i is1, . . . ,n
5 5 5 5w x y a q ??? qw x y a ,1 1 n n
or such a sum with a th powers,
5 5 a 5 5 aw x y a q ??? qw x y a ,1 1 n n
or the maximum of the distances,
5 5 5 5max x y a , . . . , x y a . 41 n
 .*This paper was partially written then the author was in Bologna Italy with a visiting
professorship of GNAFA-CNR.
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Both first problems are defined by the minimization of the sum of the
costs supported by all the customers. The third one is defined by the
minimization of the cost borne by the worse-off customer. For an overview
of the state of the art in the field of location theory with an extensive
w xbibliography see 13 . From now on the function cost will be called an
objecti¨ e function and a point where this function attains its minimum will
be called an optimal location.
A usual problem is to describe the set of optimal locations of the new
facility. Such a description is closely related to the norm of X, as it is
explained below when the norm is associated to an inner product. It is a
natural question to examine if some property of possible sets of optimal
locations implies some property of the norm of the space.
If X is an inner product space, then, for each above objective function,
 .all optimal locations are included in conv A , the convex hull of A. The
aim of the paper is to characterize inner product spaces as normed spaces
in which a property holds, connecting optimal locations and the convex
 .hull of A a con¨ex hull property or some weighted barycenters of the
 .points of A a barycenters optimality property .
The problem studied here is well known when the objective function is
the maximum of the distances to the points of A. In this case each optimal
location is said to be a Chebyshe¨ center of A. When X has a dimension at
 .least three, we have: 1 If the Chebyshev center of every triplet A meets
 .  .conv A or merely aff A , the affine hull of A, then X is an inner product
w x  .space 11; 9; 1, Sect. 15 . 2 If, for every triplet A included in the unit
 .sphere of X, 0 is in conv A as soon as 0 is a Chebyshev center of A, or 0
 .is a Chebyshev center of A as soon as 0 is in conv A , then X is an inner
w xproduct space 1, Sect. 15 .
Another classical result, which holds even if X has a dimension greater
 4than two, is the following. If for every triplet A s a , a , a the function1 2 3
5 5 2 5 5 2 5 5 2 x y a q x y a q x y a attains its minimum at a q a q1 2 3 1 2
. w xa r3, then X is an inner product space 1, Sect. 1 .3
w xIn 2 it is assumed that in any normed space, particularly with a
5 5 5 54polyhedral unit ball, the problem min x y a q ??? q x y a has an1 n
optimal location in the convex hull of A, whatever the finite set A in X
may be. Actually, this convex hull property does not hold as soon as the
normed space has a dimension at least three and is not an inner product
space.
w xIn two preceding papers 5, 7 it is proved that, if some convex hull
property holds in X with a dimension at least three, then X is an inner
product space. The main tool in these papers is the characterization of
w xinner product spaces with Kakutani's condition 1, Sect. 12 .
In this paper, we obtain more precise results by using directly a con¨ex
w xhull property of the set of Chebyshe¨ centers 1, Sect. 15 . We get also new
w xtheorems employing the classical rhombus equality 1, Sect. 6 .
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The paper is organized as follows. Section 2 is devoted to notations and
w xpreliminary results, the most important of which come from 5, 6, 8 .
Section 3 deals with hull properties, i.e., situations where the convex or the
affine hull of A contains at least one optimal location. In Section 4 we
consider particular hull properties; the set A is included in the unit sphere
and the two statements, 0 is in the convex hull of A and 0 is an optimal
location, are linked. Section 5 is devoted to barycenters optimality properties,
i.e., situations where the barycenter of a finite set with some weights is an
optimal location for an objective function whose expression depends on
the above weights. All results in Sections 3, 4, and 5 consist in characteri-
zations of inner product spaces among the class of real normed spaces with
a dimension at least three in Sections 3 and 4 and with a dimension at
least two in Section 5.
2. NOTATIONS AND PRELIMINARY RESULTS ABOUT
OPTIMAL LOCATIONS
In this section we will first introduce some notations then recall three
known theorems called here Propositions 2.1, 2.2, and 2.6, which come
w xfrom 6, 8, 7 and lastly give as corollaries some useful results.
Let g be a norm on R n, n G 2. We will say that g is monotone if the
 .  . nfollowing holds: If u s u , . . . , u , ¨ s ¨ , . . . , ¨ in R are such that1 n 1 n
 .  .  .  .0 F u F ¨ 1 F i F n , then g u F g ¨ . All l -norms 1 F a F ` enjoyi i a
this monotonicity property. A monotone norm on R n will be called a
monotone n-norm.
 4Let n G 2 and A s a , . . . , a be a finite subset of a real normed1 n
5 5  .space X in which the norm is indicated by . Let w s w , . . . , w be a1 n
family of nonnegative numbers, two of them at least being positive, and let
g  .g be a monotone n-norm. The objecti¨ e function G A is defined on Xw
by
g 5 5 5 5G A x s g w x y a , . . . , w x y a .  .  .w 1 1 n n
g  .and the set of optimal locations, denoted by M A , is the set of pointsw
g  .where G A attains its minimum in X. The major aim of the so-calledw
one center continuous location theory is to describe such sets and chiefly
to build algorithms which yield at least one optimal point.
g  . g  .If w is such that w s ??? s w s 1, G A will be denoted by G A1 n w 1
g  . g  . l` .and M A by M A . Clearly M A is the set of Chebyshev centers ofw 1 1
A associated with the so-called minimax problem:
l` 5 5min G A x s min max x y a . .  .1 i
xgX xgX 1FiFn
OPTIMAL LOCATIONS AND INNER PRODUCTS 223
l1 .The points in M A are often called Fermat points of A. More generally1
the problem
n
l1 5 5min G A x s min w x y a .  . w i i
xgX xgX is1
is usually called the minisum problem.
g  .The set M A depends actually only on the numbers w which arew i
positive. However, it will be useful to consider also the case where the
numbers w are nonnegative. We will call briefly positi¨ e n-family a familyi
of n positive numbers and nonnegati¨ e n-family a family of n nonnegative
numbers, two of them at least being positive.
g  .Note that, due to the monotonicity assumption on g , G A is convex.w
This property enables us to use convex analysis.
The topological dual of X is denoted by X*, equipped with the dual
 .norm. The pairing between X and X* is indicated by ?, ? . The unit solid
 .  .   ..ball of X resp. X* is B X resp. B X* and the unit sphere of X is
 .S X .
We recall that the subdifferential of the norm of X at x is
 .}B X* if x s 0,
 .  5 5  . 5 54}the face of B X* defined by p g X*; p s 1, p, x s x if
x / 0.
 .Clearly the subdifferentials of the norm at x and kx x / 0, k ) 0 are the
same and the subdifferentials at x and at yx are opposed sets. The
 .subdifferential at a smooth point of S X is reduced to a singleton.
 .Conversely let q g B X* ; then the set of y such that q belongs to the
subdifferential of the norm at y is a convex cone in X, which is nothing
 .else than the normal cone to B X* at q:
5 5N q s y g X ; q , y s y . 4 .  .
 .  4 5 5Note that N q s 0 if q - 1.
The dual norm of a norm g on R n will be denoted by g8.
Some specific notations will be used in order to describe sets of optimal
w x  .  .locations. For J : 1, n , J / 0u , p with p g B X* , we leti ig J i
5 5C p s x g X ; ; i g J p , x y a s x y a 4 .  .J i i i
or equivalently
C p s a q N p , .  . .FJ i i
igJ
 . nand for l s l , . . . , l g R ,1 n
g 5 5D l s x ; G A x s l w x y a . .  .  . J w i i i 5
igJ
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 .Note that D l depends on A and w, which are not indicated for theJ
w x  .  .sake of simplicity. For J s 1, n the sets C p and D l will be simplyJ J
 .  .  .denoted by C p and D l . Sets C p are called elementary con¨ex sets inJ
w x w x8 . They are more completely studied in 4 .
w x  w x.We are now able to state a theorem of 6 see also 3 which deals with
a characterization of the set of optimal locations. Its proof leans on the
 w x w x.formula of the subdifferential of a composite function see 10 or 12 ,
g  .applied to G A .w
PROPOSITION 2.1. Let g be a monotone n-norm, A a subset of X with n
elements, and w a positi¨ e n-family.
 . g  . w x  .1 If M A is nonempty, there exist J : 1, n , J / 0u , p withw i ig J
 .  . np g B X* , and l s l , . . . , l g R with l ) 0 if i g J, l s 0 if i f Ji 1 n i i
satisfying
g8 l s 1, l w p s 0 .  i i i
igJ
such that
Mg A s C p l D l . .  .  .w J J
 . w x  .  .2 If there exist J : 1, n , J / 0u , p with p g B X * , andi ig J i
 . nl s l , . . . , l g R with l ) 0 if i g J, l s 0 if i f J satisfying1 n i i
g8 l s 1, l w p s 0 .  i i i
igJ
such that
C p l D l / 0u , .  .J J
then
Mg A s C p l D l . .  .  .w J J
w xRemark. Conditions under which the set J of Proposition 2.1 is 1, n
w xare given in 6 . Suppose that the monotone n-norm g satisfies the
following: for every u in the positive orthant of R n the subdifferential of g
at u is included in the same positive orthant. If moreover Mg is notw
w xreduced to a unique point of A, then J s 1, n . Note that the above
property of the norm g holds when g is a l -norm with 1 F a - `.a
l1 .  w x w x w x.The set M A has a simpler description see 8 and also 3 or 6 .w
PROPOSITION 2.2. Let A be a subset of X with n elements and w a positi¨ e
n-family.
 . l1 .  .1 If M A is nonempty, there exists a family p with p gw i 1F iF n i
 .B X* satisfying  w p s 0 such that1F iF n i i
M l1 A s C p . .  .w
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 .  .  .2 If there exists a family p with p g B X* satisfyingi 1F iF n i
 . w p s 0 such that C p / 0u , then1F iF n i i
M l1 A s C p . .  .w
l1 .A first corollary describes, in a particular case, to what extent M Aw
depends on the set A.
 4 XCOROLLARY 2.3. Let A s a , . . . , a and A9 be the set of points a with1 n i
X l1 .a s k a . Suppose 0 g M A .i i i w
 . l1 .1 If k ) 0 for all i, then 0 g M A9 .i w
 . l1 . l1 .2 If 0 - k F 1 for all i, then 0 g M A9 : M A .i w w
 . l1 . l1 .3 If k s k ) 0 for all i, then M A9 s kM A .i w w
 .  . l1 .Proof. 1 and 2 . From Proposition 2.2, M A can be written as a setw
 .  . C p associated with p g B X* satisfying  w p s 0. If 0 g a qi 1F iF n i i i
 ..  X  ..  X  ..N p , then, for k ) 0, 0 g a q N p and for 0 - k F 1, a q N pi i i i i i i
  ..  .  .: a q N p . The results of 1 and 2 follow.i i
l l1 1 .  . .  . .  .3 From G kA kx s kG A x , we deduce the result of 3 .w w
 .The next corollaries deal with sets A included in S X for which 0 is an
optimal location.
 .COROLLARY 2.4. Let A be a set with n points included in S X .
 . l` .1 If 0 is in M A , then there exists a nonnegati¨ e n-family l such1
that
0 g M l` A : M l1 A . .  .1 l
 . l1 .2 If there exists a nonnegati¨ e n-family l such that 0 is in M A ,l
then
0 g M l` A : M l1 A . .  .1 l
 . l` . .Proof. Note first that, since A : S X , we have G A 0 s 1. Ac-1
l` .cording to Proposition 2.1, 0 belongs to M A if and only if there exist1
w x  .  .  . nJ : 1, n , J / 0u , p with p g B X* , and l s l , . . . , l g Ri ig J i 1 n
with l ) 0 if i g J, l s 0 if i f J satisfyingi i
l s 1, l p s 0, and 0 g C p , . i i i J
igJ igJ
 .the condition 0 g D l being  l s 1. The set J has at least twoJ ig J i
 4  .elements. Let A s a ; i g J and l s l . Then, according toJ i J i ig J
l` . l1 .Proposition 2.2, 0 g M A if and only if 0 g M A or equivalently1 l JJl l l1 ` 1 .  .  .0 g M A . Moreover we clearly have M A : M A .l 1 l
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 .COROLLARY 2.5. Let A be a set with n points included in S X and let g
be a monotone n-norm.
 . l1 .  .1 If 0 is in M A for some positi¨ e resp. nonnegati¨ e n-family l,l
 .then there exists a positi¨ e resp. nonnegati¨ e n-family w such that
0 g Mg A : M l1 A . .  .w l
 . g  .2 If 0 is in M A for some nonnegati¨ e n-family w, then there existsw
a nonegati¨ e n-family l such that
0 g Mg A : M l1 A . .  .w l
 .The proof of statement 1 in Corollary 2.5 uses the following proposition
w xwhich deals with monotone norms 7 .
PROPOSITION 2.6. Let g be a monotone n-norm. For e¨ery positi¨ e
n-family l there exist positi¨ e n-families w and m such that
0  :g m s 1, g w s m N w , and ; i s 1, . . . , n , w m s l . .  . i i i
 .Proof of Corollary 2.5. 1 It is sufficient to consider only the case
where l is a positive n-family. According to Proposition 2.2, 0 belongs to
l1 .  .  .M A if and only if there exists a family p with p g B X*l i 1F iF n i
 .satisfying  l p s 0 such that 0 g C p . Let w and m be associated1F iF n i i
to l according to Proposition 2.6. Then we have
m w p s 0 and g 0 m s 1. . i i i
1FiFn
g  . .  .  :Since G A 0 s g w s m N w ,w
0 g C p l D m . .  .
g  . g  . l1 .That means 0 g M A and clearly M A : M A .w w l
 .2 This is an obvious consequence of Propositions 2.1 and 2.2.
3. HULL PROPERTIES
3.1. General Results
DEFINITION 3.1. Let n G 2 and g a monotone n-norm be given. We say
 .g   .gthat X satisfies C¨HP , called a con¨ex hull property resp. AfHP ,n n
.called an affine hull property if, for every subset A in X with n points and
for every positive n-family w,
Mg A l conv A / 0u .  .w
resp. Mg A Faff A / 0u . .  . .w
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In Definition 3.1 it is sufficient to consider n-families w such that each
 . g  .  .w 1 F i F n is a positi¨ e integer. Indeed if M A Fconv A / 0u fori w
 .such w, then the same is true for w s w , . . . , w with each w rational1 n i
and by a density argument with each w real.i
PROPOSITION 3.2. If X is an inner product space, then we ha¨e always
g  .  .M A ; conv A .w
g  .  .If X is two-dimensional, then we ha¨e always M A Fconv A / 0u .w
 .Proof. If X is an inner product space then, for each x f conv A
 .   .. 5 5there is x g conv A the projection of x on conv A such that x y a
5 5- x y a for all a g A. If X is two-dimensional the same is true with
5 5 5 5 w xx y a F x y a 14 . The proof is then immediate.
As a consequence of Proposition 3.2, if the points of the set A are all
g  .  .situated on a same line, then we have always M A Fconv A / 0u . Suchw
a property is clearly true for any set A with one or two points.
PROPOSITION 3.3. Let g be a monotone n-norm and let g 9 be the
 .  .  .monotone n y 1 -norm gi¨ en by g 9 u , . . . , u s g u , . . . , u , u .1 ny1 1 ny1 ny1
 .g   .g .  .g 9 If X satisfies C¨HP resp. AfHP , then X satisfies C¨HP resp.n n ny1
 .g 9 .AfHP .ny1
 X .Proof. Let A9 be a subset with n y 1 points and let w9 s w , . . . , w1 ny1
 .  .be a positive n y 1 -family. We choose a point b g conv A9 , b f A9,
 4  X X X .and we let A s A9D b and w s w , . . . , w r2, w r2 . From the1 ny1 ny1
 . g  .hypothesis there is a point x g conv A9 at which G A attains itsb w
minimum. When b tends to a , then the family x , included in theny1 b
 .  .metric compact set conv A9 , has a cluster point x g conv A9 at which
g 9 .G A9 attains its minimum. The same is valid with the affine hull insteadw 9
of the convex hull by using the following fact which is underlined later: if
 . g  .A is included in a ball B O, R , then M A is included in the ballw
 .B O, 2 R .
3.2. The Minimax Problem
 .THEOREM 3.4. Suppose dim X G 3. If for e¨ery triplet A we ha¨e
M l` A Faff A / 0u , .  .1
then X is an inner product space.
w x w x wProof. Such a result is due to Klee 11 and to Garkavi 9 . See also 1,
xSect. 15 .
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3.3. The Minisum Problem
 .THEOREM 3.5. Suppose dim X G 3 and let n G 3. If X satisfies
 . l1AfHP , then X is an inner product space.n
w xAn analogous result is given in 5 but only for n G 4 and with a proof
completely different. The present proof leans on the following lemma,
which uses as an essential tool the classical von Neumann minmax theo-
rem.
 .LEMMA 3.6. Suppose dim X finite and let A be a subset of X with n
points. If for e¨ery nonnegati¨ e n-family w we ha¨e
M l1 A Faff A / 0u , .  .w
then
M l` A Faff A / 0u . .  .1
Proof. We produce first some preliminary results. Let S be the funda-
 . nmental n y 1 -dimensional simplex in R , i.e.,
n
S s s , . . . , s ; s G 0, s s 1 . . 1 n i i 5
is1
Since a continuous convex function attains its maximum on a convex
compact set at an extreme point, we have
n
5 5 5 5max x y a s max s x y a .i i i
1FiFn sgS is1
Let K be a convex compact subset of X. By applying the von Neumann
minmax theorem to the convex-concave function on K = S
n
5 5x , s ª s x y a , .  i i
is1
we get
5 5 5 5 5 5min max x y a s min max s x y a s max min s x y a , i i i i i
xgK 1FiFn xgK sgS sgS xgKi i
or equivalently
min Gl` A x s max min Gl1 A x . ) .  .  .  .  .1 s
xgK sgS xgK
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 .Suppose that A is included in the ball B 0, R centered at 0 with radius R.
5 5 5 5 5 5 l1 . . l1 . .For x ) 2 R we have x y a ) a and then G A x ) G A 0i i s s
l` . . l` . .and G A x ) G A 0 . Consequently for s g S1 1
min Gl1 A x s min Gl1 A x , )) .  .  .  .  .s s
xgX  .xgB 0, 2 R
and
min Gl` A x s min Gl` A x . ))) .  .  .  .  .1 1
xgX  .xgB 0, 2 R
We come now to the proper proof of the lemma. Suppose
M l1 A l aff A / 0u .  .w
for every nonegative n-family w or equivalently for every w g S. Then
 .from ))
min Gl1 A x s min Gl1 A x . .  .  .  .w w
 .  .  .xgB 0, 2 R xgB 0, 2 R laff A
We take max in the two members of the above equality and, sincew g S
 .  .  .  .B 0, 2 R and B 0, 2 R l aff A are compact convex, we can apply ) .
 .Then from )))
min Gl` A x s min Gl` A x . .  .  .  .1 1
xgX  .xgaff A
l` .  .That means M A l aff A / 0u .1
Proof of Theorem 3.5. According to Proposition 3.3 it suffices to show
 . l1that, if AfHP holds true, then X is an inner product space. We use an3
indirect proof.
Suppose that X is not an inner product space. Then it contains a
three-dimensional subspace Y which is not an inner product space. Let us,
for a moment, work in Y. According to Theorem 3.4 there is, in Y, a triplet
l` .  . l1 .A such that M A l aff A s 0u . Then, according to Lemma 3.6, M A1 w
 .l aff A s 0u for some w g S. Necessarily w is a 3-positive family, else
the useful points of A are on a same line and the affine hull of A contains
an optimal location. Now we get that there exist a triplet A g Y and a
positive 3-family w such that
min Gl1 A x - min Gl1 A x , .  .  .  .w w
xgY  .xgaff A
which implies
min Gl1 A x - min Gl1 A x . .  .  .  .w w
xgX  .xgaff A
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Thus we have, in X now,
M l1 A l aff A s 0u . .  .w
l1 .That means that X does not satisfy AfHP .3
The next corollary deals with the minisum problem for any finite set A
w xbut with equal weights. It shows that the assumption made in 2 and
already underlined in Section 1 is not valid.
 .COROLLARY 3.7. Suppose dim X G 3. If for e¨ery finite subset A of X
l1 .  .we ha¨e M A l aff A / 0u , then X is an inner product space.1
Proof. We show that, under the assumption of the corollary, X satisfies
 . l1  4  .AfHP . Indeed let A s a , a , a be a subset of X in B 0, R and let3 1 2 3
 .w s w , w , w be a family of positive integers with w q w q w s n.1 2 3 1 2 3
 .Let A be a set with n points, included in aff A . From the assumption wew
l1 .  .  .deduce M A l aff A l B 0, 2 R / 0u . Let the first w points of A1 w 1 w
tend to a , the w following points tend to a , and the w last points tend1 2 2 3
l1 .  .  .to a . By considering a point in M A l aff A l B 0, 2 R , we get,3 1 w
l1 .  .with a limit argument, an element of M A l aff A .1
3.3. The General Problem
 .THEOREM 3.8. Suppose dim X G 3. Let n G 3 and let g be a monotone
 .gn-norm. If X satisfies C¨HP , then X is an inner product space.n
w xAn analogous result is given in 7 but only for n G 4 and with a proof
completely different. Theorem 3.8 appears essentially as a consequence of
Theorem 3.5.
 .gProof. According to Proposition 3.3 it suffices to show that C¨HP 3
implies that X is an inner product space. We use an indirect proof.
Suppose that X is not an inner product space. Then it contains a
three-dimensional subspace Y which is not an inner product space. Let us,
for a moment, work in Y. According to Theorem 3.5 there is a triplet
 4 l1 .  .A s a , a , a and a positive 3-family w such that M A Faff A s 0u .1 2 3 w
 .We show first that there is a triplet A included in S X l Y such that
l1 .  .  .M A l conv A s 0u . Necessarily aff A is a two-dimensional affinew
l1 .subspace H and M A is a nonempty convex compact set disjoint fromw
l1 .H. There exists a point x g M A at which a supporting plane H is0 w 0
parallel to H. It is not restrictive to assume x s 0.0
Let E9 be the open half-space whose boundary is H and which does0
not contain A and let E be the complementary closed half-space. We
5 5 .denote by t the positive number min a ; a g A . If t G 1, we let a si
5 5  .a r a and the set A so defined satisfies, according to statement 2 ofi i
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Xl l1 1 .  .  .Corollary 2.3, 0 g M A : M A . If t - 1, we let a s 1rt a andw w i i
X X5 5a s a r a . The sets A9 and A so defined satisfy, according to statementsi i i
 .  . l1 X.  . l1 . 5 X 53 and 2 of Corollary 2.3, M A s 1rt M A and, since a ) 1,w w i
l l l1 1 1 .  .  .  .0 g M A : M A9 . In both cases, A ; S X l E9 and M A ; E.w w w
l l1 1 .  .  .Whence M A l conv A s 0u and 0 g M A .w w
According to Corollary 2.5 there is a positive 3-family w such that
g l1 .  .0 g M A : M A . Then we havew w
gM A l conv A s 0u . .  .w
But obviously that relation is true not only in Y but also in the whole
g .space X what means that X does not satisfy C¨HP .3
4. PARTICULAR CONVEX HULL PROPERTIES
Particular convex hull properties deal with links between the two state-
 .ments for sets A included in S X : 0 is an optimal location and 0 is in the
con¨ex hull of A.
We consider first the minimax problem, in the same way as in Section 3,
but we will then approach directly the general problem.
4.1. The Minimax Problem
 .THEOREM 4.1. Suppose dim X G 3 and let n G 3.
 .1 X is an inner product space if and only if , for e¨ery set A with n
 .points included in S X , we ha¨e
0 g M l` A « 0 g conv A . ) .  .  .1
 .2 X is an inner product space if and only if , for e¨ery set A with n
 .points included in S X , we ha¨e
0 g conv A « 0 g M l` A . )) .  .  .1
wProof. These two characterizations of inner product spaces are in 1,
xSect. 15 for n s 3 only. We give first an independent proof of the
necessary conditions and then we will deduce the sufficient conditions
w xfrom the aforementioned result of 1 .
 .Suppose X is an inner product space. Note first of all that, for a g S X ,
 .  .the statement 0 g a q N p with p g B X* means p s ya, according
to the usual identification of the dual of X with the completed space of X.
 . l` .Let A be a set with n points included in S X . If 0 belongs to M A ,1
w xthen, according to Proposition 2.1, there exist a subset J of 1, n with at
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 .least two elements, a family l of positive numbers, and a family ofi ig J
 .  .vectors in B X* , p such thati ig J
l p s 0, l s 1, 0 g a q N p . . .  Fi i i i i
igJ igJ igJ
Whence we have p s ya and then  l a s 0, which gives, sincei i ig J i i
 . l s 1, 0 g conv A .ig J i
 .Suppose now that 0 belongs to conv A . Then there exists a family of
 . w xpositive numbers l with J : 1, n such that  l a s 0 andi ig J ig J i i
 l s 1. By choosing p s ya for all i g J, we have 0 g F a qig J i i i ig J i
 .. l` .N p . Again according to Proposition 2.1, we get 0 g M A .i 1
The generalization of the two sufficient conditions due to Amir for any
 .n G 4 is a consequence of the following observation. Let ) hold true for
 .every set A with n points n G 4 , and suppose that A has n y 1 points.
l` .  .  4  .Let a f A, a g conv A l S X and A s A j a . If 0 g M A , then1
l` .  .  .  .  .0 g M A , and from ) , 0 g conv A s conv A . Hence ) holds true1
 .for every set with n y 1 points. The same argument shows that, if ))
 .holds true for every set with n points n G 4 , then it is true for every set
with n y 1 points.
 .  .Note that ) and )) are always satisfied for any finite set A in any
two-dimensional normed space.
4.2. The General Problem
 .THEOREM 4.2. Suppose dim X G 3. Let n G 3 and let g be a monotone
n-norm.
 .1 X is an inner product space if and only if , for e¨ery set A with n
 .points included in S X , we ha¨e
'w G 0, 0 g Mg A « 0 g conv A . ) .  .  .w
 .2 X is an inner product space if and only if , for e¨ery set A with n
 .points included in S X , we ha¨e
0 g conv A « 'w G 0, 0 g Mg A . )) .  .  .w
The formula w G 0 means that w is a nonnegati¨ e n-family.
Proof. It is a consequence of the preceding theorem if we add the
following facts which are contained in Corollaries 2.4 and 2.5. For a set A
 .included in S X and for a monotone n-norm g we have
0 g M l` A m 'l G 0, 0 g M l1 A m 'w G 0, 0 g Mg A . .  .  .1 l w
 .  .Note that these equivalences imply that ) and )) are true for any
finite set A in any two-dimensional space.
OPTIMAL LOCATIONS AND INNER PRODUCTS 233
 .Remark. In both preceding theorems the sphere S X and its center 0
can be obviously replaced by any sphere centered at x with radius R .0 0
 .  .The same remark is also valid for statements ii and iii in the three next
theorems.
5. BARYCENTERS OPTIMALITY PROPERTIES
 4In this section we shall consider subsets A s a , . . . , a such that1 n
 .  .1 0 is a barycenter of the points a , . . . , a with weights r , . . . , r ,1 n 1 n
 .2 0 is an optimal location with respect to an objective function
associated with A and a positive n-family w , . . . , w ,1 n
 .3 w , . . . , w are related to r , . . . , r .1 n 1 n
Barycenters optimality properties deal with links between these state-
ments. Our aim is to get characterizations of inner product spaces by using
such properties when X has a dimension at least two. We will first tackle
with the minisum problem and then with location problems associated to
l -norms for 1 - a - `.a
 .THEOREM 5.1. Let dim X G 2 and let n G 3. The following statements
are equi¨ alent.
 .i X is an inner product space.
 .  4  .ii For e¨ery subset a , . . . , a included in S X and such that1 n
ny1 ny1 5 ny1 5 a / 0 and  a q  a a s 0, the functionis1 i is1 i is1 i n
ny1 ny1
5 5 5 5x y a q a x y a i i n
is1 is1
attains its minimum on X at 0.
 .  4  .iii For e¨ery subset a , . . . , a included in S X and for e¨ery1 n
 . npositi¨ e n-family w , . . . , w such that  w a s 0, the function1 n is1 i i
n
5 5w x y a i i
is1
attains its minimum on X at 0.
 .  4 niv For e¨ery subset a , . . . , a such that  a s 0, the function1 n is1 i
n
5 5 5 5a x y a i i
is1
attains its minimum on X at 0.
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Proof. The proof consists in showing
i « iii « ii « i and iii m iv . .  .  .  .  .  .
 .  .  4  .i « iii . Let a , . . . , a ; S X and w , . . . , w ) 0 such that w a1 n 1 n 1 1
q ??? qw a s 0. According to the usual identification of the dual spacen n
 .X* with the completed space of X, we choose p s ya i s 1, . . . , n andi i
we get
w p q ??? qw p s 0 and 0 g a q N p , i s 1, . . . , n , .1 1 n n i i
l1 .whence 0 g M A . That is the desired conclusion.w
 .  .iii « ii . This is obvious.
 .  .iii « iv . Let a , . . . , a be n points in X, all different from 0, such1 n
5 5  . 5 5that a q ??? qa s 0. Let a s a r a . According to iii , since a a1 n i i i 1 1
5 5 5 5 5 5 5 5 5 5q ??? q a a s 0, the function a x y a q ??? q a x y a at-n n 1 1 n n
tains its minimum on X at 0. Applying Proposition 2.2 we get the same
5 5 5 5 5 5 5 5  .result for the function a x y a q ??? q a x y a . That is iv .1 1 n n
 .  .  4  .iv « iii . Let a , . . . , a ; S X and w , . . . , w ) 0 such that w a1 n 1 n 1 1
 . 5 5q ??? qw a s 0. Let a s w a i s 1, . . . , n . Since w s a , by applyingn n i i i i i
 .iv we get the required result.
 .  .ii « i . It is the most important part of the proof. It will be made in
three steps.
v  .First step: dim X s 2 and n s 3. Let u and ¨ be two smooth
 .points of S X with u / ¨ and u q ¨ / 0. The subdifferential of the norm
 .  .in X at u resp. ¨ is reduced to a singleton p resp. q . Let G be the
objective function defined by
u q ¨
5 5 5 5 5 5G x s x y u q x y ¨ q u q ¨ x q . .
5 5u q ¨
 .The function G attains its minimum at 0 if and only if 0 belongs to ­ G 0 ,
the subdifferential of G at 0. This means that there exists r belonging to
5 5the subdifferential of the norm at u q ¨ such that p q q s u q ¨ r. We
  . 5 54apply the same result to the triplet u, y¨ , y u y ¨ r u y ¨ . Then
there exists s belonging to the subdifferential of the norm at u y ¨ such
5 5  .  ..  .that p y q s u y ¨ s. We calculate p q q , u q ¨ and p y q ,
 ..u y ¨ . By adding both expressions we get
5 5 2 5 5 22 p , u q 2 q , ¨ s u q ¨ q u y ¨ , .  .
that is to say,
5 5 2 5 5 2u q ¨ q u y ¨ s 4.
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Since the smooth points of the unit sphere in a separable space are
 .dense in S X , we obtain, with a density argument, that the last relation,
which is nothing else than the rhombus equality, is true for every pair
 .  wof points u and ¨ of S X and then X is an inner product space see 1,
x.Sect. 6 .
v  .Second step: dim X ) 2 and n s 3. Suppose that X is not an
inner product space. Then there exists in X a two-dimensional subspace Y
 4which is not an inner product space. Then there is A s a , a , a ; Y1 2 3
5 5with a q a q a q a a s 0 such that 0 is not a point at which the1 2 1 2 3
function
5 5 5 5 5 5 5 5G x s x y a q x y a q a q a x y a . 1 2 1 2 3
 .  .attains its minimum in Y. Hence there is x / 0 for which G x - G 0 .
 .This property is also true in X, which means that X does not satisfy ii .
v Third step: n G 4. According to Step 1 it suffices to show that if
 .statement ii of Theorem 5.1 holds true for an integer n G 4, then it holds
true for n y 1. The method will be analogous to the one used in the proof
of Proposition 3.3.
 .Suppose that statement ii is true for n G 4 and suppose also that X
 4  .has a finite dimension. Let A9 s a , . . . , a , a ; S X such that2 ny1 n
 .a q ??? qa / 0 denote by s the norm of this vector and2 ny1
 .a q ??? qa q s a s 0. Suppose that a is a smooth point of S X .2 ny1 n n
 4Let a s ya and A s A9 j a . We have1 n 1
ny1 ny2
a s a q 1 s s q 1. i i
is1 is1
 .Since a q ??? qa q s q 1 a s 0, according to the assumption and1 ny1 n
 .  .to Proposition 2.2, there exist p with p g B X* such thati 1F iF n i
 .   ..p q ??? qp q s q 1 p s 0 and 0 g a q N p , i s 1, . . . , n. As a1 ny1 n i i n
 .and a are opposed smooth points of S X we have necessarily p s yp ,1 n 1
  ..whence p q ??? qp q s p s 0. Since 0 g F a q N p , i s 2, . . . , n,2 ny1 n i i
5 5 5 5 5 5the function x y a q ??? q x y a q s a attains its minimum2 ny1 n
at 0.
 .By using the density of smooth points in S X and by passing to the
limit the same thing is true whatever point in a is used smooth or notn
.smooth . Lastly if X is not finite dimensional, the result is obtained with a
proof by the absurd. Theorem 5.1 is now established.
We will consider now location problems associated to l -norms witha
1 - a - `.
The next lemma connects these problems with the minisum problem.
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LEMMA 5.2. Let A be a subset of X with n elements, m a positi¨ e n-family,
and a a real number ) 1. Suppose 0 f A. Then we ha¨e
0 g M la A m 0 g M l1 A , .  .m w
a 5 5 ay1where w is the positi¨ e n-family defined by w s m a .i i i
la .Proof. Suppose 0 g M A and let b be the conjugate exponent of a ,m
i.e., 1ra q 1rb s 1. Then, according to Proposition 2.1 and to the remark
 .  .immediately after, there exist p with p g B X* and a positivei 1F iF n i
 .n-family l s l , . . . , l such that1 n
n
l m p s 0, 0 g a q N p , i s 1, . . . , n , . i i i i i
is1
1ran n n
ab a 5 5 5 5l s 1, m a s l m a .  i i i i i i /
is1 is1 is1
The latter relations mean that we have equality in Holder inequality forÈ
 .  5 5. b b a 5 5 athe sequences l and m a . Whence ; i, l s k m a for somei i i i i i
a 5 5 ay1k ) 0. We deduce ; i, l m s km a s kw . We have nowi i i i i
n
w p s 0, 0 g a q N p , i s 1, . . . , n. . i i i i
is1
l1 .That means, according to Proposition 2.2, 0 g M A .w
The converse is obtained in the same way by using again equality in the
Holder inequality.È
A last characterization of inner product spaces is in the next theorem
which is a generalization of Theorem 5.1.
 .THEOREM 5.3. Let dim X G 2 and let n G 3. The following statements
are equi¨ alent.
 .i X is an inner product space.
 .  4  .ii For e¨ery subset a , . . . , a included in S X and such that1 n
ny1 ny1 5 ny1 5 a / 0 and  a q  a a s 0, and for some a G 1 the func-is1 i is1 i is1 i n
tion
ny1 ny1
a a5 5 5 5x y a q a x y a i i n
is1 is1
attains its minimum on X at 0.
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 .  4  .iii For e¨ery subset a , . . . , a included in S X , for e¨ery positi¨ e1 n
 . nn-family w , . . . , w such that  w a s 0, and for some a G 1 the1 n is1 i i
function
n
a5 5w x y a i i
is1
attains its minimum on X at 0.
 .  4  4iv For e¨ery subset a , . . . , a included in X _ 0 such that1 n
 a s 0 and for some a G 1 the functionis1n i
n
2ya a5 5 5 5a x y a i i
is1
attains its minimum on X on 0.
 .Remark. Statement iv in Theorem 5.3 for a s 2 is nothing else than
w xthe classical characterization of inner spaces 1, Sect. 1 yet recalled in the
 4Introduction: for every A s a , . . . , a the function1 n
5 5 2 5 5 2x y a q ??? q x y a1 n
 .attains its minimum at a q ??? qa rn.1 n
Proof. It is sufficient to prove the theorem for a ) 1.
 .  .1 Let A be a subset as described in ii and let a ) 1. Let
5 ny1 51r a am s w s 1 for i s 1, . . . , n y 1, m s  a , and w s m si i n is1 i n n
5 ny1 5 a  . a . With the definition of M A and from Lemma 5.2 we deduceis1 i m
that the function
ny1 ny1
a a5 5 5 5x y a q a x y a i i n
is1 is1
attains its minimum on X at 0 if and only if
0 g M la A .m
or
0 g M l1 A . .w
 .From Theorem 5.1 we deduce that statement ii in Theorem 5.3 is a
necessary and sufficient condition for X to be an inner product space.
 .  .2 Let A be a subset as described in iii and let a ) 1. Let
w s ma. The functioni i
n
a5 5w x y a i i
is1
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attains its minimum on X on 0 if and only if
0 g M lam
or
0 g M l1 A . .w
Note that we use again Lemma 5.2. The conclusion follows as above from
Theorem 5.1.
 .  .3 Lastly let A be a subset as described in iv and let a ) 1. Let
5 5 5 5 2ya .r aw s a and m s a . The functioni i i i
n
2ya a5 5 5 5a x y a i i
is1
attains its minimum on X at 0 if and only if
0 g M lam
or
0 g M l1 A . .w
The conclusion follows again from Theorem 5.1.
6. CONCLUDING REMARKS
Usually location theory deals with the study of the set of optimal
locations associated to an optimization problem. In the so-called continu-
ous case, i.e., in a normed space, classical themes of research are a
description of the set of optimal locations and production of algorithms in
order to find an optimal location or sometimes the whole set of optimal
locations. Naturally the results depend on properties of the normed space.
In this paper, we consider an inverse problem. We deduce properties of
the normed space from properties of the sets of optimal points for some
well chosen location problems. More precisely we get necessary and
sufficient conditions such that the normed space is an inner product space.
We thus obtain some new results on this classical subject, for which the
w xmajor reference is Amir's book 1 . The more important tools which are
used come from convex analysis and from optimization theory.
w xTwo articles 5, 7 yield results in this direction on the subject of Section
3 but with completely different proofs. We obtain in this paper a more
extensive study and more precise theorems. All results in Sections 4 and 5
w x  .are new except Theorem 4.1 for n s 3 only 1, Sect. 15 and statement iv
w xof Theorem 5.3 for a s 2 1, Sect. 12 .
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To conclude we quote two open problems. The first one deals with
 .convex or affine hull properties. Is the following true? Suppose dim X G 3.
If for e¨ery triplet A we ha¨e
M l1 l aff A / 0u or M l1 l conv A / 0u , .  .1 1
then X is an inner product space. This hypothetical theorem is the exact
w xtransposition to the minisum problem of the classical result of Klee 11
w xand Garkavi 9 about the minimax problem. It is also a natural generaliza-
tion of Theorem 3.5 since it uses an affine or convex hull property for
equal weights and a generalization of Corollary 3.7 since it uses only
triplets instead of finite sets.
The second open problem seems to be more accessible. It consists in
finding monotone norms different from l -norms for which results similara
to those given in Theorem 5.3 are true.
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